Let H n denote the (2n + 1)-dimensional (sub-Riemannian) Heisenberg group. In this note, we shall prove an integral identity (see Theorem 1.2) which generalizes a formula obtained in the Seventies by Reilly, [28] . Some first applications will be given in Section 4.
Introduction and statement of the main result
In the last years, the sub-Riemannian geometry of Carnot groups has become a rich research field in both Analysis and Geometric Measure Theory; see, for instance, [2] , [5] , [7] , [8, 9] , [11] , [23] , [18] , [20] , [29] , but of course the list is far from being complete or exhaustive. General overviews of sub-Riemannian (or Carnot-Charathéodory) geometries are Gromov, [13] , and Montgomery, [22] .
In this paper, our ambient space is the so-called Heisenberg group H n , n ≥ 1, which can be regarded as C n × R endowed with a polynomial group law ⋆ : H n × H n −→ H n . Its Lie algebra h n identifies with the tangent space T 0 H n at the identity 0 ∈ H n . Later on, (z, t) ∈ R 2n+1 will denote exponential coordinates of a generic point p ∈ H n . Take now a left-invariant frame F = {X 1 , Y 1 , ..., X n , Y n , T } for the tangent bundle TH n , where X i (p) := Hence, T is the center of h n and h n turns out to be nilpotent and stratified of step 2, i.e. h n = H ⊕ H 2 where H := span R {X 1 , Y 1 , ..., X i , Y i , ..., X n , Y n } ⊂ TH n is the horizontal bundle and H 2 = span R {T } is the 1-dimensional (vertical) subbundle of TH n associated with the center of h n . From now on, H n will be endowed with the (left-invariant) Riemannian metric h := ·, · which makes F an orthonormal frame. The metric h = ·, · induces a corresponding metric hH on H, which is used to measure the length of horizontal curves. The natural distance in sub-Riemannian geometry is the Carnot-Carathéodory distance d CC , defined by minimizing the (Riemannian) length of all (piecewise smooth) horizontal curves joining two different points. This definition makes sense because, in view of Chow's Theorem, different points can always be joined by horizontal curves.
The stratification of h n is related with the existence of a 1-parameter group of automorphisms, called Heisenberg dilations, defined by δ s (z, t) := (sz, s 2 t), for every p ≡ (z, t) ∈ R 2n+1 . The intrinsic dilations play an important role in this geometry. In this regard, we stress that the integer Q = 2n + 2, which represents the "homogeneous dimension" of H n (w.r.t. Heisenberg dilations), turns out to be the dimension of H n as a metric space w.r.t. the CC-distance d CC .
Another key notion is that of H-perimeter, but since we are dealing with smooth boundaries, we do not adopt the usual variational definition. So let S ⊂ H n be a smooth hypersurface and let ν the (Riemannian) unit normal along S . The H-perimeter measure σ 2n H is the (Q − 1)-homogeneous measure, w.r.t. Heisenberg dilations, given by σ 2n
R , where PH : TG −→ H is the orthogonal projection operator onto H and σ 2n R is the Riemannian measure on S . We recall that the unit H-normal along S is the normalized projection onto H of the (Riemannian) unit normal ν, i.e. ν H := P H ν |P H ν| and that the so-called characteristic set C S of S is the zero set of the function |PH ν|; see Section 2.2. The H-perimeter σ 2n
H is in fact the natural measure on hypersurfaces and it turns out to be equivalent, up to a density function called metric factor (see, for instance, [18] ), to the spherical (Q − 1)-dimensional Hausdorff measure associated with d CC (or to any other homogeneous distance).
Below we shall prove a general integral identity, which generalizes to the sub-Riemannian setting of the Heisenberg group H n a well-known formula, proved by Reilly (see [28] ) in his work concerning Aleksandrov' Theorem; for a very nice presentation of the original result we refer the reader to [17] . 
We stress that:
• HessH is the horizontal Hessian operator;
• the symbol X ⊥ (whenever X ∈ H) denotes a linear skew-symmetric map. More precisely, it is defined by setting
is given by formula (1); see below.
• grad H and grad HS denote the horizontal gradient and the horizontal tangent gradient, resp.;
• LHS denotes a 2nd order horizontal tangential operator, which plays the role of the classical Laplace-Beltrami operator in Riemannian geometry;
• HH is the horizontal mean curvature of S ;
• S H is the symmetric part of the horizontal 2nd fundamental form of S .
In Section 4 we shall prove some direct applications of our main result. Another consequence will be discussed in Section 4.1. More precisely, we shall obtain the following formula:
where (HH ) t , S t H and ̟ t denote, respectively, the horizontal mean curvature, the symmetric part of the horizontal 2nd fundamental form, and the (weighted) vertical part of the normal ν t of the hypersurface
More precisely, we are assuming that there is a foliation of a (small) spatial neighborhood of the (compact, closed hypersurface) S := S 0 by means of level sets of a smooth function f : H n ×] − ε, ε[−→ R (say of class C 3 ) such that:
see, Corollary 4.9.
As a final remark, we have to mention that, unfortunately, the original arguments of Reilly (or those in Li' survey [17] ) cannot be adapted to our context and, above all, it seems to be still a difficult problem to prove a generalized version of Aleksandrov' Theorem in H n for n > 1; see [29] for the case n = 1.
2. Preliminaries 2.1. Heisenberg group H n . The Heisenberg group (H n , ⋆), n ≥ 1, is a connected, simply connected, nilpotent and stratified Lie group of step 2 on R 2n+1 , w.r.t. a polynomial group law ⋆; see below. The Lie algebra h n of H n is a (2n + 1)-dimensional real vector space henceforth identified with the tangent space T 0 H n at the identity 0 ∈ H n . We adopt exponential coordinates of the 1st kind in such a way that every point p ∈ H n can be written out as p = exp (x 1 , y 1 , ..., x i , y i , ..., x n , y n , t). The Lie algebra h n can be described by means of a frame 
In other words, T is the center of h n and h n turns out to be a nilpotent and stratified Lie algebra of step 2, i.e. h n = H ⊕ H 2 . The first layer H is called horizontal whereas the complementary layer
The inverse of any p ∈ H n is given by p −1 := exp (−x 1 , −y 1 ..., −x n , −y n , −t) and 0 = exp (0 R 2n+1 ). Later on, we shall set z := (x 1 , y 1 , ..., x n , y n ) ∈ R 2n and identify each point p ∈ H n with its exponential coordinates (z, t) ∈ R 2n+1 . Definition 2.1. We call sub-Riemannian metric hH any symmetric positive bilinear form on H. The
where the inf is taken over all piecewise-smooth horizontal curves γ joining p to p ′ . We shall equip TH n with the left-invariant Riemannian metric h := ·, · making F an orthonormal -abbreviated o.n.-frame and assume hH := h| H .
By Chow's Theorem it turns out that every couple of points can be connected by a horizontal curve, not necessarily unique, and for this reason d CC turns out to be a true metric on H n whose topology is equivalent to the standard (Euclidean) topology of R 2n+1 ; see [13] , [22] . The so-called structural constants (see [14] or [19, 20] ) of h n are described by the skew-symmetric (2n × 2n)-matrix
This matrix is associated with the real valued skew-symmetric bilinear map ΓH :
exp (z, t) ∈ H n . We recall that the homogeneous dimension of H n is the integer Q := 2n + 2. By a well-known result of Mitchell (see, for instance, [22] ), this number coincides with the Hausdorff dimension of H n as metric space w.r.t. the CC-distance d CC ; see [13] , [22] .
We shall denote by ∇ the unique left-invariant Levi-Civita connection on TH n associated with the metric h = ·, · . We observe that, for every X, Y, Z ∈ X := C ∞ (H n , TH n ) one has
, where PH denotes orthogonal projection onto H. The operation ∇ H is a vector-bundle connection later called H-connection; see [20] and references therein. It is not difficult to see that ∇ H is flat, compatible with the sub-Riemannian metric hH and torsion-free. These properties follow from the very definition of ∇ H and from the corresponding properties of the Levi-Civita connection ∇.
Definition 2.3. For any
Having fixed a left-invariant Riemannian metric h on TH n , one defines by duality (w.r.t. the leftinvariant metric h) a global co-frame 2.2. Hypersurfaces. Let S ⊂ H n be a hypersurface of class C r (r ≥ 1) and let ν be the (Riemannian) unit normal along S . We recall that the Riemannian measure σ 2n R ∈ 2n (T * S ) on S can be defined by contraction 2 of the volume form σ 2n+1 R with the unit normal ν along S , i.e. σ 2n
The characteristic set of S is the set of all characteristic points, i.e. C S := {x ∈ S : dim H p = dim(H p ∩ T p S )}. It is worth noticing that 2 Let M be a Riemannian manifold. The linear map :
.., Y r−1 ); see, for instance, [10] . This operation is called contraction or interior product.
p ∈ C S if, and only if, |PH ν(p)| = 0. Since |PH ν(p)| is continuous along S , it follows that C S is a closed subset of S , in the relative topology. We stress that the (Q − 1)-dimensional Hausdorff measure of C S vanishes, i.e. H Q−1 CC (C S ) = 0; see [2] , [18] . Remark 2.4. Let S ⊂ H n be a C 2 -smooth hypersurface. By using Frobenius' Theorem about integrable distributions, it can be shown that the topological dimension of C S is strictly less than (n + 1); see also [13] . For deeper results about the size of C S in H n , see [2] , [3] .
Throughout this paper we shall make use of a (smooth) homogeneous measure on hypersurfaces, called H-perimeter measure; see also [11] , [12] , [8, 9] , [18] , [19, 20] , [26] , [29] .
Definition 2.5 (σ 2n
H -measure). Let S ⊂ H n be a C 
If C S ∅ we extend σ 2n H up to C S by setting σ 2n
This allow us to define, in the obvious way, the associated subbundles HS ⊂ TS and ν H S called horizontal tangent bundle and horizontal normal bundle along S \C S , respectively. On the other hand, at each characteristic point p ∈ C S , only HS is well-defined and we have H p S = H p for any p ∈ C S .
Definition 2.6. If U ⊆ S is an open set, we denote by C i HS (U), (i = 1, 2) the space of functions whose HS -derivatives up to the i-th order are continuous on U. We denote by C i HS (U, HS ), (i = 1, 2) the space of functions with target in HS , whose HS -derivatives up to i-th order are continuous on U.
Another important geometric object is given by ̟ := ν T |P H ν| ; see [19, 20] , [9] . Although the function ̟ is not defined at C S , we have ̟ ∈ L 1 loc (S , σ 2n H ). The following definitions can be found in [20] , for general Carnot groups. Below, unless otherwise specified, we shall assume that S ⊂ H n is a C 2 -smooth NC hypersurface (i.e. non-characteristic). Let ∇ TS be the connection on S induced from the Levi-Civita connection ∇ on H n . As for the horizontal connection ∇ H , we define a "partial connection" ∇ HS associated with the subbundle HS ⊂ TS by setting 
HS (S ), we define the HS -gradient of ψ to be the horizontal tangent vector field grad HS 
is the 2nd order differential operator given by ∆HS ψ := divHS (grad HS ψ) for every ψ ∈ C 2 HS (S ). The horizontal 2nd fundamental form of S is the bilinear map BH :
HS . The horizontal mean curvature is the trace of BH , i.e. HH := TrBH .
Unless n = 1, BH is not symmetric; see [20] . Therefore, it is convenient to represent BH as a sum of two operators, one symmetric and the other skew-symmetric, i.e. BH = S H + AH . It turns out that AH = p. 470. This can be proved by means of an adapted o.n. frame F along S . Furthermore, we observe that
Definition 2.8. Let S ⊂ H n be a C 2 -smooth NC hypersurface. We call adapted frame along S any o.n. frame F := {τ 1 , ..., τ 2n+1 } for TH n such that:
Furthermore, we shall set IH := {1, 2, 3, ..., 2n} and IHS := {2, 3, ..., 2n}.
Lemma 2.9 (see [20] , Lemma 3.8). Let S ⊂ H n be a C 2 -smooth NC hypersurface and fix p ∈ S . We can always choose an adapted o.n. frame F = {τ 1 , ..., τ 2n+1 } along S such that ∇ X τ i , τ j = 0 at p for every i, j ∈ IHS and every X ∈ H p S .
Lemma 2.10. Let S ⊂ H n be a C 2 -smooth NC hypersurface. Then
Proof. Using an adapted frame F , we compute
Note that the first identity comes from the usual invariant definition of the Laplace operator on Riemannian manifolds (or vector bundles); see [15] . Now we claim that
Definition 2.11 (Horizontal tangential operators). Let S ⊂ H n be a NC hypersurface. We shall denote by DHS : X 1 HS −→ C(S ) be the 1st order differential operator given by
Moreover, we shall denote by LHS : C 2 HS (S ) −→ C(S ) the 2nd order differential operator given by
Note that DHS (ϕX) = ϕDHS X + grad HS ϕ, X ∀ X ∈ X 1 HS (HS ), ∀ ϕ ∈ C 1 HS (S ). These definitions are motivated by Theorem 3.17 in [20] , which was proved first for NC hypersurfaces with boundary; see [19, 20] . Actually, it holds true even in case of non-empty characteristic sets. A simple way to formulate this claim is based on the next: Definition 2.12. Let X ∈ C 1 HS (S \ C S , HS ) and set α X := (X σ 2n H )| S . We say that X is admissible (for the horizontal divergence formula) if the differential forms α X and dα X are continuous on all of S . We say that φ ∈ C 2 HS (S \ C S ) is admissible if grad HS φ is admissible for the horizontal divergence formula. If the differential forms α X and dα X are continuous on all of S , then Stokes formula holds true; see, for instance, [31] . In particular, we stress that: (i) if X ∈ C 1 HS (S , HS ), then X is admissible; (ii) if φ ∈ C 2 HS (S ), then φ is admissible. The following holds: Theorem 2.13. Let S be a compact hypersurface of class C 2 without boundary. Then
HS the first integral on the right hand side vanishes and, in this case, the formula is referred as "horizontal divergence formula".
Finally, we state some useful Green's formulas:
3. Proof of Theorem 1.2
Proof. Below we shall make use of the fixed left-invariant frame F = {X 1 , X 2 , ..., X 2n , X 2n+1 }, where we have set X 2i := Y i for every i = 1, ..., n and X 2n+1 := T . First, we compute
Moreover, we have
From these computations, we infer the formula
Hereafter we will use the hypothesis φ| S = ϕ. By applying the usual Divergence Theorem, we have 
Using the identity ∆HS ϕ = ∆H ϕ + HH 
The second integrand of the right-hand side of (7) can be computed by means of a frame F satisfying Lemma 2.9 at a fixed point p ∈ S . More precisely, we have where we have used grad ϕ = ν (so that grad HS ϕ = 0 and LHS ϕ = 0) and ϕ = φ| S . The previous assumptions allow us to say something more. But before this, we need the following corollary of the classical Coarea formula: Since Tr BH ( · , C 2n+1 HS ·) = (n − 1)̟, the thesis follows; see [20, 21] .
Finally, by using (14) and the last lemma, we have proved the following: Proof. Immediate.
